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Àííîòàöèÿ
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ðàçðàáîòêå è ÷èñëåííîé ðåàëèçàöèè ìåòîäèêè èññëå-
äîâàíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ óïðóãî-ïëàñòè÷åñêèõ òåë ñ ó÷åòîì
áîëüøèõ äåôîðìàöèé. Èñïîëüçóåòñÿ ïðîöåäóðà ïîøàãîâîãî íàãðóæåíèÿ. Ðàçðåøàþùåå
óðàâíåíèå ïîëó÷åíî èç ïðèíöèïàâèðòóàëüíûõ ìîùíîñòåé. Ïðîñòðàíñòâåííàÿ äèñêðåòè-
çàöèÿ îñíîâàíà íà ìåòîäå êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ).
Êëþ÷åâûå ñëîâà: Áîëüøèå äåôîðìàöèè, íåëèíåéíàÿ óïðóãîñòü, ïëàñòè÷íîñòü.
1. Êèíåìàòèêà ñðåäû. Óðàâíåíèå â ñêîðîñòÿõ íàïðÿæåíèé
Â êà÷åñòâå òåíçîðîâ, îïèñûâàþùèõ äåôîðìàöèþ è ñêîðîñòü äåôîðìàöèè, èñ-
ïîëüçóþòñÿ òåíçîð ãðàäèåíòà äåôîðìàöèè (F), ìåðà äåôîðìàöèè Ôèíãåðà (B) =
(F )  (F )T , òåíçîð ïðîñòðàíñòâåííîãî ãðàäèåíòà ñêîðîñòè (h) = @i@yj (~ei~ej) = ( _F ) 
(F ) 1 , òåíçîð äåôîðìàöèè ñêîðîñòè (d) = 12
h
(h) + (h)
T
i
, ãäå i - êîìïîíåíòû âåê-
òîðà ñêîðîñòè ~ , yj - êîìïîíåíòû ðàäèóñ-âåêòîðà, (~ei~ej) - äèàäíîå ïðîèçâåäåíèå
îðò äåêàðòîâîé ñèñòåìû êîîðäèíàò. Íàïðÿæåííîå ñîñòîÿíèå îïèñûâàåòñÿ ñ ïîìî-
ùüþ òåíçîðà èñòèííûõ íàïðÿæåíèé () = ij (~ei~ej) , îïðåäåëåííîãî â àêòóàëüíîì
ñîñòîÿíèè.
Äëÿ ðåøåíèÿ çàäà÷ ñ ó÷åòîì ôèçè÷åñêîé íåëèíåéíîñòè (â ïåðâóþ î÷åðåäü çàäà÷
ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ) ïîëó÷èëè ðàñïðîñòðàíåíèå ôîðìóëèðîâêè ðàçðå-
øàþùèõ âàðèàöèîííûõ óðàâíåíèé â ñêîðîñòÿõ äåôîðìàöèé è íàïðÿæåíèé. Òà-
êèå óðàâíåíèÿ ìîãóò áûòü ïîëó÷åíû äèôôåðåíöèðîâàíèåì ïî âðåìåíè óðàâíåíèÿ
ïðèíöèïà âèðòóàëüíûõ ìîùíîñòåé â àêòóàëüíîé êîíôèãóðàöèè [1,2]Z
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ãäå 
 - òåêóùèé îáúåì, S - ÷àñòü ïîâåðõíîñòè, íà êîòîðîé çàäàíû óñèëèÿ, ~f; ~p -
âåêòîðû îáúåìíûõ è ïîâåðõíîñòíûõ ñèë ñîîòâåòñòâåííî. Ïîñëå ëèíåàðèçàöèè (1)
ïîëó÷èì óðàâíåíèå â ñêîðîñòÿõ íàïðÿæåíèéZ
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(2)
ãäå J = det(F ) - îòíîñèòåëüíîå èçìåíåíèå îáúåìà.
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2. Îïðåäåëÿþùèå ñîîòíîøåíèÿ
Îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîëó÷èì èñïîëüçóÿ ïîòåíöèàëüíóþ ýíåðãèþ óïðó-
ãîé äåôîðìàöèè, êîòîðóþ îïðåäåëÿåò ôóíêöèÿ W . Äëÿ ñêîðîñòè íàïðÿæåíèé Êî-
øè - Ýéëåðà ïîëó÷èì âûðàæåíèå [36]:
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Â ðåçóëüòàòå ïîëó÷àåì ôèçè÷åñêîå ñîîòíîøåíèå óïðóãîãî äåôîðìèðîâàíèÿ äëÿ
ïðîèçâîäíîé Òðóñäåëëà [7] â âèäå ëèíåéíîãî óðàâíåíèÿ: 
Tr

= ()   (d) ; (3)
ãäå
 
Tr

=

_

+ (h)  () + ()  (h)T   I1d () - ïðîèçâîäíàÿ Òðóñäåëëà òåíçîðà
íàïðÿæåíèé () .
Ìîäåëèðîâàíèå óïðóãîïëàñòè÷åñêèõ äåôîðìàöèé îñíîâàíî íà àääèòèâíîì
ïðåäñòàâëåíèè ïîëíîé äåôîðìàöèè ñêîðîñòè [8, 9], ò.å.
(d) = (de) + (dp);
ãäå (de) - óïðóãàÿ ñîñòàâëÿþùàÿ, à (dp) - ïëàñòè÷åñêàÿ.
Ïðåäïîëàãàåòñÿ ñïðàâåäëèâîñòü àññîöèèðîâàííîãî çàêîíà òå÷åíèÿ:
(dp) = _

@
@

;
ãäå _ - ñêîðîñòü ïëàñòè÷åñêèõ äåôîðìàöèé,  - ôóíêöèÿ òåêó÷åñòè.
Ðàññìîòðèì â êà÷åñòâå êðèòåðèÿ óïðóãîãî äåôîðìèðîâàíèÿ óñëîâèå Ãóáåðà-
Ìèçåñà, êîòîðîå äëÿ èçîòðîïíîé ñðåäû äîïóñêàåò îáîáùåíèå â âèäå:
 = i   T ()  0; (4)
ãäå i - èíòåíñèâíîñòü íàïðÿæåíèé, T () - ïðåäåë òåêó÷åñòè,  - ïàðàìåòð óïðî÷-
íåíèÿ.
Òîãäà èñïîëüçóÿ (4) ïëàñòè÷åñêóþ äåôîðìàöèþ ñêîðîñòè ìîæíî çàïèñàòü ñëå-
äóþùèì îáðàçîì
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3. Îáùèé àëãîðèòì ðåøåíèÿ
Ïðîöåññ äåôîðìèðîâàíèÿ ïðåäñòàâëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè ðàâíîâåñ-
íûõ ñîñòîÿíèé. Ïåðåõîä îò ïðåäûäóùåãî ñîñòîÿíèÿ ê ïîñëåäóþùåìó ïðîèñõîäèò
ïóòåì ïðèðàùåíèÿ íàãðóçêè.
Â êà÷åñòâå áàçîâîãî íà øàãå íàãðóæåíèÿ èñïîëüçóåòñÿ óðàâíåíèå â ñêîðîñòÿõ
íàïðÿæåíèé (2) â ñîâîêóïíîñòè ñ ëèíåàðèçîâàííûìè ôèçè÷åñêèìè ñîîòíîøåíèÿìè
(3), ðåøàÿ êîòîðóþ ïîëó÷èì âåêòîð ïåðåìåùåíèé, îïðåäåëÿþùèé êîíôèãóðàöèþ
íà ñëåäóþùåì øàãå íàãðóæåíèÿ:
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k+1yi = kyi +kui (5)
è íàïðÿæåííîå ñîñòîÿíèå
k+1ij =
kij +
k _ijt (6)
Äàëåå äëÿ ó÷åòà ïëàñòè÷åñêèõ äåôîðìàöèé ïðèìåíÿåì ìåòîä ïðîåöèðîâàíèÿ [9].
Â ðåçóëüòàòå èñïîëüçîâàíèÿ ìåòîäà "ïðîåöèðîâàíèÿ íàïðÿæåíèÿ íà ïîâåðõíîñòü
òåêó÷åñòè"ïîëó÷åííîå íàïðÿæåííîå ñîñòîÿíèå íå óäîâëåòâîðÿåò ðàçðåøàþùåé ñè-
ñòåìå óðàâíåíèé. Ïîýòîìó âîñïîëüçóåìñÿ èòåðàöèîííûì óòî÷íåíèåì ÍÄÑ. Ýòà
èòåðàöèîííàÿ ïðîöåäóðà îñíîâàíà íà ââåäåíèè â ðàçðåøàþùåå óðàâíåíèå âàðè-
àöèè ìîùíîñòè "äîïîëíèòåëüíûõ íàïðÿæåíèé"(@) íà âîçìîæíûõ äåôîðìàöèÿõ
ñêîðîñòè, ãäå äîïîëíèòåëüíûå íàïðÿæåíèÿ îïðåäåëÿþòñÿ êàê ðàçíîñòü èñòèííûõ
è ïðîáíûõ íàïðÿæåíèé, îïðåäåëÿåìûõ ïî ôîðìóëå
(km+1@ ) = (
m)  (0m)
Äëÿ äèñêðåòèçàöèè ñèñòåìû óðàâíåíèé (2) èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ
íà îñíîâå âîñüìèóçëîâîãî ýëåìåíòà [10, 11]. Â èòîãå äëÿ m - îé èòåðàöèè íà k - ì
øàãå íàãðóæåíèÿ èìååì:
kKkum = kP + kH   kSm
ãäå kSm - âåêòîð äîïîëíèòåëüíûõ íàïðÿæåíèé.
4. ×èñëåííûå ïðèìåðû
Â ôèçè÷åñêèõ ñîîòíîøåíèÿõ â êà÷åñòâå ïðèìåðà èñïîëüçóåòñÿ ñëåäóþùèé ïî-
òåíöèàë óïðóãèõ äåôîðìàöèé [18,19]:
W =
+ 2
8
(I1B   3)2 +  (I1B   3)  
2
(I2B   3)
ãäå  ,  - ïàðàìåòðû Ëÿìå. Â êà÷åñòâå áàçîâîãî â íàñòîÿùåé ðàáîòå èñïîëüçó-
åòñÿ ïðîèçâîëüíûé âîñüìèóçëîâîé êîíå÷íûé ýëåìåíò. Ïðè âû÷èñëåíèè èíòåãðàëîâ
èñïîëüçóåòñÿ ñõåìà ÷èñëåííîãî èíòåãðèðîâàíèÿ.
5. Óïðóãîïëàñòè÷åñêîå ðàñòÿæåíèå êðóãëîãî ñòåðæíÿ
Ðàññìîòðèì çàäà÷ó ðàñòÿæåíèÿ êðóãëîãî ñòåðæíÿ ñî ñëåäóþùèìè ïàðàìåòðà-
ìè: R=6,413 ìì, R0=0,982R ìì, L=26,667 ìì. Îòìåòèì, ÷òî äëÿ êîíêðåòèçàöèè
ìåñòà îáðàçîâàíèÿ øåéêè â öåíòðå ñòåðæíÿ çàäàåòñÿ ñíèæåíèå ðàäèóñà íà 1,8% .
Êðèòåðèåì ïëàñòè÷íîñòè ñëóæèò óñëîâèå Ãóáåðà-Ìèçåñà (4). Ôóíêöèÿ íåëèíåéíî-
ãî èçîòðîïíîãî óïðî÷íåíèÿ èìååò âèä [12,13]:
T () = T + h+ (1   T )(1  e ):
Ïàðàìåòðû ìàòåðèàëà: E = 206; 9ÃÏà,  = 0; 29 , 1 = 715ÃÏà, T = 450ÃÏà,
h = 0; 129 ,  = 16; 93 . Â êà÷åñòâå íàãðóçêè íà òîðöå çàäàåòñÿ ïåðåìåùåíèå u=7
ìì. Íà ðèñ. 1 ïðèâîäèòñÿ èíòåíñèâíîñòü ïëàñòè÷åñêèõ äåôîðìàöèé äëÿ êîíå÷íîãî
ïîëîæåíèÿ, íà ðèñ. 2  äèàãðàììà ñèëà - ïåðåìåùåíèå.
6. Óïðóãîïëàñòè÷åñêîå äåôîðìèðîâàíèå òðóáû
Èññëåäóåì çàêðèòè÷åñêîå ïîâåäåíèå òðóáû ïîä äåéñòâèåì êðóòÿùèõ ìîìåíòîâ
Ì, ïðèëîæåííûõ íà òîðöàõ. Äèàìåòð òðóáû d=70 ìì, äëèíà L=200 ìì, òîëùèíà
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Ðèñ. 1. Èíòåíñèâíîñòü ïëàñòè÷åñêèõ äåôîðìàöèé
Ðèñ. 2. Äèàãðàììà ñèëà - ïåðåìåùåíèå òîðöà: ñïëîøíàÿ êðèâàÿ - ðåøåíèå ïî îïèñàííîé
ìåòîäèêå ,  - ðåøåíèå [12], M - ðåøåíèå [13]
h=3 ìì. Êðèòåðèåì ïëàñòè÷íîñòè ñëóæèò óñëîâèå Ãóáåðà-Ìèçåñà (4). Ôóíêöèÿ
íåëèíåéíîãî èçîòðîïíîãî óïðî÷íåíèÿ èìååò âèä [12,13]:
T () = T + h+ (1   T )(1  e ):
Ïàðàìåòðû ìàòåðèàëà: E = 206; 9ÃÏà,  = 0; 29 , 1 = 715ÃÏà, T = 450ÃÏà,
h = 0; 129 ,  = 16; 93 . Íà ðèñóíêå 3 ïðåäñòàâëåíà èíòåíñèâíîñòü ïëàñòè÷åñêèõ
äåôîðìàöèé äëÿ äåôîðìèðîâàííîãî ñîñòîÿíèÿ.
Çàêëþ÷åíèå
Â ðàáîòå ïîñòðîåíà ìåòîäèêà ÷èñëåííîãî èññëåäîâàíèÿ èçîòðîïíûõ ìàòåðèàëîâ
ñ èñïîëüçîâàíèåì ëåâîãî òåíçîðà Êîøè - Ãðèíà, äëÿ êîòîðûõ ôèçè÷åñêèå ñîîòíî-
øåíèÿ çàäàþòñÿ ñ ïîìîùüþ óïðóãîãî ïîòåíöèàëà. Â êà÷åñòâå ïðèìåðà ðàññìîòðåí
ìàòåðèàë 2-ãî ïîðÿäêà. Ïîëó÷åíû ëèíåàðèçîâàííûå îïðåäåëÿþùèå ñîîòíîøåíèÿ è
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Ðèñ. 3. Èíòåíñèâíîñòü ïëàñòè÷åñêèõ äåôîðìàöèé
ðàçðåøàþùåå óðàâíåíèå. ×èñëåííàÿ ðåàëèçàöèÿ îñíîâàíà íà ìåòîäå êîíå÷íûõ ýëå-
ìåíòîâ íà áàçå âîñüìèóçëîâîãî ïîëèëèíåéíîãî ýëåìåíòà. Ðåøåíû çàäà÷à î óïðóãî-
ïëàñòè÷åñêîì ðàññòÿæåíèè êðóãëîãî ñòåðæíÿ è çàäà÷à î êðó÷åíèè òîëñòîñòåííîé
òðóáû. Ðåøåííûå çàäà÷è äåìîíñòðèðóþò ðàáîòîñïîñîáíîñòü ïîëó÷åííîé ìåòîäèêè
èññëåäîâàíèÿ íåëèíåéíî óïðóãèõ çàäà÷.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòîâ ÐÔÔÈ  13-01-97058,
13-01-97059, 12-01-00955, 12-01-97026.
Summary
R.L. DAVYDOV, L.U. SULTANOV FINITE ELEMENT ALGORITHM FOR ANALYSIS
OF ELASTOPLASTIC SOLIDS WITH LARGE DEFORMATIONS.
A technique for analyzing the stress strain state of elastoplastic bodies taking into
account large displacements and buckling is presented. The step-by-step loading method
with formulation of the resolvent variation equation in the current conguration is used. The
governing equations for elastoplastic bodies that connect the Truesdell derivative of the Cauchy
stress tensor with the velocity strain are applied. The spatial discretization is based on the
nite element method (FEM). The numerical solutions of the problems are given.
Key words: large deformations, nonlinear elasticity, plasticity.
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